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Abstract
We review some fundamental aspects of the theory of neutrino masses
and mixing. The results of neutrino oscillation experiments are in-
terpreted as evidence of three-neutrino mixing. Implications for the
mixing parameters and the neutrino masses are discussed, with em-
phasis on the connection with the measurements of the absolute values
of neutrino masses in beta decay and neutrinoless double-beta decay
experiments and cosmological observations.
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1 Introduction to Neutrino Masses
In the Standard Model (SM) neutrinos are massless. This is due to the fact that, in the
SM, neutrinos are described by the left-handed chiral fields νeL, νµL, ντL only. Since the
corresponding right-handed fields νeR, νµR, ντR do not exist in the SM, a Dirac mass
term,
LD =
∑
α,β=e,µ,τ
ναLM
D
αβ νβR +H.c. , (1)
is precluded. Here MD is a complex 3×3 mass matrix (see Refs. [1,2,3,4]). On the other
hand, the other elementary fermions (quarks and charged leptons) are described by left-
handed and right-handed chiral fields, which allow them to have Dirac-type masses after
the spontaneous electroweak symmetry breaking SU(2)L ×U(1)Y → U(1)Q generated by
the Higgs mechanism. Note that the off-diagonal terms in the Dirac mass matrix MD
violate the conservation of the lepton numbers Le, Lµ and Lτ , whereas the total lepton
number L = Le + Lµ + Lτ is conserved.
In 1937 Ettore Majorana [5] discovered that a massive neutral fermion can be de-
scribed by a two-component spinor, which is simpler than a four-component Dirac spinor.
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The fundamental difference of a Majorana fermion with respect to a Dirac fermion is
that for a Majorana fermion the particle and antiparticle states coincide. In other words,
charge conjugation does not have any effect on a Majorana fermion field. Since charge
conjugation inverts the chirality, in the SM there are three right-handed neutrino fields
(ναL)
C ≡ νCαR, for α = e, µ, τ . In the Majorana theory, the right-handed neutrino fields
in Eq. (1) are identified with the corresponding charge-conjugated right-handed neutrino
fields νCeR, ν
C
µR, ν
C
τR, leading to the Majorana mass term
1
LML =
1
2
∑
α,β=e,µ,τ
ναL (M
M
L )αβ ν
C
βR +H.c. , (2)
with a complex symmetric 3×3 mass matrix MML (see Refs. [1,2,3,4]). Although allowed
by the field content of the SM, this Majorana mass term is forbidden by the gauge
symmetries of the SM. It could be generated by the Vacuum Expectation Value (VEV)
of a Higgs triplet, which is absent in the SM. Note that the Majorana mass term LML
violates the conservation of the total lepton number L by two units.
Summarizing, the field content and the gauge symmetries of the SM hinder the ex-
istence of the Dirac and Majorana mass terms in Eqs. (1) and (2). This prediction of
the SM is in contradiction with the experimental evidence of neutrino oscillations, which
are due to neutrino masses and mixing (see Refs. [6, 1, 2, 7, 3, 4, 8, 9, 10]). Therefore, it is
necessary to extend the SM in order to describe the real world.
The simplest extension of the SM consists in the introduction of the three right-handed
neutrino fields νeR, νµR, ντR, which are singlets under the gauge symmetries of the SM. In
this way, the neutrino fields become similar to the other elementary fermion fields, which
have both left-handed and right-handed components. The Dirac mass term in Eq. (1)
can be generated by the same Higgs mechanism which generates the Dirac masses of
charged leptons and quarks. However, a surprise arises: the Majorana mass term for the
right-handed neutrino fields,
LMR =
1
2
∑
α,β=e,µ,τ
νCαL (M
M
R )αβ νβR +H.c. , (3)
is invariant under the gauge symmetries of the SM and, hence, allowed. Therefore, the
seemingly innocuous introduction of right-handed neutrino fields leads to fundamental
new physics: Majorana neutrino masses and the existence of processes with |∆L| = 2.
In general, in a model with left-handed and right-handed neutrino fields, the neutrino
mass term is of the Dirac-Majorana type LD+M = LD + LMR , which can be written as
LD+M = 1
2
(
νL ν
C
L
)(
0 MD
(MD)T MMR
)(
νCR
νR
)
+H.c. , (4)
where νTL =
(
νTeL ν
T
µL ν
T
τL
)
and νTR =
(
νTeR ν
T
µR ν
T
τR
)
. In the mass matrix, the 3 × 3
block which would correspond to MML is set to zero because LML is forbidden by the
gauge symmetries of the SM, as explained above. Since the Dirac mass matrix MD is
generated by the Higgs mechanism of the SM, its elements are proportional to the VEV
1 The additional factor 1/2 is put by hand in order to avoid double counting in the derivation of the
field equations using the canonical Euler-Lagrange prescription.
2
of the Higgs doublet, vSM =
(√
2GF
)−1/2
= 246GeV, where GF is the Fermi constant.
Hence, the elements of MD are expected to be at most of the order of 102GeV. This
constraint is expressed by saying that they are “protected” by the gauge symmetries of
the SM. On the other hand, since the Majorana mass term of the right-handed neutrino
fields is invariant under the gauge symmetries of the SM, the elements of MMR are not
protected by the SM gauge symmetries. In other words, from the SM point of view, the
elements of MMR could have arbitrarily large values. If M
M
R is generated by the Higgs
mechanism at a high-energy scale of new physics beyond the SM, the elements of MMR
are expected to be of the order of such new high-energy scale, which could be as high as
a grand-unification scale of about 1015GeV. In this case, the total mass matrix can be
approximately diagonalized by blocks, leading to a light 3× 3 mass matrix
Mlight ≃MD (MMR )−1MDT , (5)
and a heavy 3 × 3 mass matrix Mheavy ≃ MMR . The three light and the three heavy
masses are given, respectively, by the eigenvalues of Mlight and Mheavy. Therefore, there
are three heavy neutrinos which are practically decoupled from the low-energy physics
in our reach and three light neutrinos whose masses are suppressed with respect to the
elements of the Dirac mass matrix MD by the small matrix factor (MMR )
−1MD
T
. This
is the famous see-saw mechanism [11, 12, 13, 14], which explains naturally the smallness
of the three light neutrino masses. It is important to note that the see-saw mechanism
predicts that massive neutrinos are Majorana particles, leading to the existence of new
measurable phenomena with |∆L| = 2. The most accessible is neutrinoless double-β
decay (see section 3.3).
The see-saw mechanism is a particular case (see Ref. [15]) of the following general
argument [16] in favor of Majorana massive neutrinos as a general consequence of new
physics beyond the SM at a high-energy scale Λ. The most general effective low-energy
Lagrangian can be written as
Leff = LSM + Ω5
Λ
+
Ω6
Λ2
+ . . . , (6)
where LSM is the SM Lagrangian. The additional non-SM terms contain the field op-
erators Ω5, Ω6, . . ., which have energy dimension larger than four, as indicated by the
index. These operators contain SM fields only. Furthermore, they are constrained to be
invariant under the SM gauge symmetries, because the new high-energy theory by which
they are generated is an extension of the SM. They are not included in LSM, because
they are not renormalizable (similarly to the Fermi Lagrangian, which is the effective
non-renormalizable Lagrangian of weak interactions for energies much smaller than vSM).
Since each Lagrangian term must have energy dimension equal to four, the non-SM terms
in Eq. (6) are suppressed by appropriate negative powers of the high-energy scale Λ. The
less-suppressed non-SM term is the 5-D operator
Ω5 =
∑
αβ
gαβ (L
T
αL σ2 Φ) C† (ΦT σ2 LβL) + H.c. , (7)
where LαL, Φ, C and σi are, respectively, the left-handed lepton doublets (α = e, µ, τ),
the Higgs doublet, the charge-conjugation matrix and the Pauli matrices (i = 1, 2, 3). At
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Figure 1: The two three-neutrino schemes allowed by the hierarchy ∆m2SOL ≪ ∆m2ATM.
the electroweak symmetry breaking, Ω5 generates a Majorana mass term of the type in
Eq. (2), with the mass matrix
(MML )αβ =
v2SM
Λ
gαβ ≪ vSM = 246GeV . (8)
Hence, the neutrino masses are naturally suppressed by the very small ratio vSM/Λ with
respect to the masses of the charged leptons and quarks, which are proportional to vSM. It
is remarkable that the 5-D operator in Eq. (7) is unique, in contrast to the multiplicity of
6-D operators (see Ref. [17]), which include operators for nucleon decay. Hence, Majorana
neutrino masses provide the most accessible window on new physics beyond the SM.
2 Three-Neutrino Mixing
The mass matrix of the three light neutrinos (either Dirac or Majorana) can be diago-
nalized through the unitary transformation
ναL =
3∑
k=1
Uαk νkL , (9)
where U is the 3 × 3 unitary mixing matrix. An important consequence of neutrino
mixing is the existence of neutrino flavor oscillations, which depend on the elements of
the mixing matrix and on the squared-mass differences ∆m2kj ≡ m2k − m2j . Neutrino
oscillations have been observed (see Refs. [2,7,3,4,8,9,10]) in solar and reactor neutrino
experiments (νe → νµ,τ ), with a squared-mass difference [9]
∆m2SOL = 7.92 (1± 0.09)× 10−5 eV2 [2σ] , (10)
and in atmospheric and accelerator neutrino experiments (νµ → ντ ), with a squared-mass
difference [18]
∆m2ATM = 2.6
(
1+0.14−0.15
)× 10−3 eV2 [2σ] . (11)
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Figure 2: Schematic description of the contributions of the elements of the mixing matrix
to solar (SOL) and atmospheric (ATM) neutrino oscillations.
Hence, there is a hierarchy of squared-mass differences:
∆m2ATM ≃ 30∆m2SOL . (12)
This hierarchy is easily accommodated in the framework of three-neutrino mixing, in
which there are two independent squared-mass differences. We label the neutrino masses
in order to have
∆m2SOL = ∆m
2
21 , (13)
∆m2ATM ≃ |∆m231| ≃ |∆m232| . (14)
The two possible schemes are illustrated in Fig. 1. They differ by the sign of ∆m231 ≃
∆m232.
Information on neutrino mixing is traditionally obtained from the analysis of the
experimental data in the framework of an effective two-neutrino mixing scheme, in which
oscillations depend on only one squared-mass difference (∆m2) and one mixing angle (ϑ).
This approximation is allowed [19] by the smallness of |Ue3|, which is the only element
of the mixing matrix which affects both the solar-reactor and atmospheric-accelerator
oscillations, as illustrated in Fig. 2. In fact, solar and reactor experiments have observed
the disappearance of electron neutrinos, which depends only on the elements of the mixing
matrix which connect νe with the three massive neutrinos: Ue1, Ue2 and Ue3. On the other
hand, the hierarchy of squared-mass differences in Eq. (12) implies that ν1 and ν2 are
practically the same in atmospheric and accelerator oscillations and contribute through
|Uα1|2+ |Uα2|2 = 1− |Uα3|2. Hence these oscillations depend only on the third column of
the elements of the mixing matrix.
The smallness of |Ue3| is known from the results of the CHOOZ and Palo Verde
experiments (see Ref. [20]), leading to [18]
|Ue3|2 = 0.008+0.023−0.008 [2σ] . (15)
In this case, in the standard parameterization of the mixing matrix (see Ref. [4]), we have
|Ue3|2 = sin2 ϑ13, the effective mixing angle measured in solar and reactor experiment is
approximately equal to ϑ12 and the effective mixing angle measured in atmospheric and
accelerator experiment is approximately equal to ϑ23. An analysis of the data yields large
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Figure 3: Values of neutrino masses as functions of the lightest mass, m1 in the normal
scheme (a) and m3 in the inverted scheme (b). Solid lines correspond to the best-fit.
Dashed lines enclose 2σ ranges.
values for ϑ12 and ϑ23 [9, 18]:
sin2 ϑ12 = 0.314
(
1+0.18−0.15
)
[2σ] , (16)
sin2 ϑ23 = 0.45
(
1+0.35−0.20
)
[2σ] . (17)
The mixing angle ϑ23 is close to maximal (pi/4). The mixing angle ϑ12 is large, but less
than maximal.
From the determination of the mixing angles, it is possible to reconstruct the allowed
ranges for the elements of the mixing matrix: at 2σ we have
|U |2σ ≃

0.78− 0.86 0.51− 0.61 0.00− 0.180.21− 0.57 0.41− 0.74 0.59− 0.78
0.19− 0.56 0.39− 0.72 0.62− 0.80

 . (18)
One can see that all the elements of the mixing matrix are large, except |Ue3|, for which
we have only an upper bound.
A mixing matrix of the type in Eq. (18), with two large mixing angles (ϑ12 and ϑ23),
is called “bilarge”. Several future experiments are aimed at a measurement of the small
mixing angle ϑ13 (see Ref. [21]), whose finiteness is crucial for the existence of CP violation
in the lepton sector, for the possibility to measure matter effects with future neutrino
beam passing through the Earth and for the possibility to distinguish the normal and
inverted schemes in future oscillation experiments.
As a first approximation, it is instructive to consider ϑ13 = 0. In this case, the mixing
matrix is given by
U =

 cϑ12 sϑ12 0−sϑ12cϑ23 cϑ12cϑ23 sϑ23
sϑ12sϑ23 −cϑ12sϑ23 cϑ23

 , (19)
where cϑij ≡ cos ϑij and sϑij ≡ sinϑij . Choosing the attractive values
sin2 ϑ12 =
1
3
, sin2 ϑ23 =
1
2
, (20)
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which are within the ranges in Eqs. (16) and (17), we have the so-called “tri-bimaximal“
mixing matrix [22]
U =


√
2/3 1/
√
3 0
−1/√6 1/√3 1/√2
1/
√
6 −1/√3 1/√2

 . (21)
The name is due to the fact that the magnitudes of all the elements of the second column
are equal (trimaximal mixing) and the third column have only two finite elements, which
have the same magnitude (bimaximal mixing).
In the approximation in Eq. (19), we have
νe = cϑ12ν1 + sϑ12ν2 , (22)
which is a two-neutrino mixing relation. In oscillations, electron neutrinos can transform
in the orthogonal state
ν⊥ = −sϑ12ν1 + cϑ12ν2 = cϑ23νµ − sϑ23ντ . (23)
Hence, The state in which solar and reactor electron neutrinos transform is a superposition
of νµ and ντ determined by the atmospheric mixing angle ϑ23. The closeness of ϑ23 to
maximal mixing implies an approximate equal amount of νµ and ντ . If one further takes
into account that the SNO experiment measured a suppression of about 1/3 of the solar
νe flux for E & 6MeV, it follows that the flux of high-energy solar neutrinos on the Earth
is composed of an approximately equal amount of νe, νµ and ντ .
3 The Absolute Scale of Neutrino Masses
Since neutrino oscillations depend on the differences of the squared neutrino masses,
other types of experiments are needed in order to determine the absolute values of neu-
trino masses. However, what is really unknown from the results of neutrino oscillation
experiments is only one mass, since the other masses can be determined from the known
difference of the squared neutrino masses. In the three-neutrino mixing schemes in Fig. 1,
it is convenient to choose as unknown the lightest mass (m1 in the normal scheme and
m3 in the inverted scheme) and plot the masses as shown in Fig. 3. One can see that,
in the normal scheme, if m1 is small, there is a normal mass hierarchy m1 ≪ m2 ≪ m3.
On the other hand, in the inverted scheme, if m3 is small, there is a so-called “inverted
mass hierarchy” m3 ≪ m1 . m2, since m1 and m2 are separated by the small solar mass
splitting. In both schemes, the three neutrino masses are quasi-degenerate for
m3 & m2 & m1 ≫
√
∆m2ATM ≃ 5× 10−2 eV . (24)
In the next three subsections, we discuss the tree most efficient methods for the
determination of the absolute scale of neutrino masses: β decay, cosmological observations
and neutrinoless double-β decay.
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3.1 Beta Decay
The measurement of the energy spectrum of electrons emitted in nuclear β decay provides
a robust kinematical measurement of the effective electron neutrino mass.
Let us consider first, for simplicity, a massive electron neutrino without mixing. In
this case, the differential decay rate in allowed2 β-decays is proportional to the square of
the Kurie function
K(T ) =
[
(Q− T )
√
(Q− T )2 −m2νe
]1/2
, (25)
where Q = Mi −Mf − me (Mi and Mf are, respectively, the masses of the initial and
final nuclei and me is the electron mass) and T = Ee −me is the electron kinetic energy.
If mνe = 0, the Kurie function is a decreasing linear function of T , going to zero at the
so-called “end-point” of the spectrum, T = Q, as illustrated by the dotted line in Fig. 4
for tritium β decay. A small electron neutrino mass affects the electron spectrum near
the end-point, which shifts to T = Q − mνe , as shown by the dashed line in Fig. 4.
Therefore, in practice, information on the value of the neutrino mass is obtained looking
for a distortion of the Kurie plot with respect to the linear function near the end-point.
Using this technique, the Mainz tritium experiment [23] obtained the most stringent
upper bound on the electron neutrino mass:
mνe < 2.3 eV [95%CL] . (26)
The Troitzk tritium experiment [24] obtained the comparable bound mνe < 2.5 eV [95%
CL]. The main reason why tritium β-decay experiments are the most sensitive to the
electron neutrino mass is that tritium β-decay has one of the smallest Q-values among all
known β-decays. Since the relative number of events occurring in an interval of energy
∆T below the end-point is proportional to (∆T/Q)3, a small Q-value is desirable for
a maximization of the fraction of decay events that occur near the end-point of the
spectrum. Moreover, tritium β-decay is a superallowed transition between mirror nuclei3
with a relatively short half-life (about 12.3 years), which implies an acceptable number
of observed events during the experiment lifetime. Another advantage of tritium β-decay
is that the atomic structure is less complicated than those of heavier atoms, leading to a
more accurate calculation of atomic effects.
In the case of neutrino mixing, the Kurie function is given by
K(T ) =
[
(Q− T )
3∑
k=1
|Uek|2
√
(Q− T )2 −m2k
]1/2
. (27)
This is a function of 5 parameters, the three neutrino masses and two mixing param-
eters (the unitarity of the mixing matrix implies that
∑3
k=1 |Uek|2 = 1). The main
characteristics of the distortion of the Kurie function with respect to the linear function
corresponding to massless neutrinos are:
2 Allowed β-decays are characterized by the independence of the nuclear matrix element from the
electron energy.
3 Superallowed transitions are allowed transitions between nuclei belonging to the same isospin mul-
tiplet. Mirror nuclei are pairs of nuclei which have equal numbers of protons and neutrons plus an extra
proton in one case and an extra neutron in the other. In this case, the overlap of the initial and final
nuclear wave functions is close to one, leading to a large nuclear matrix element.
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Figure 4: Kurie plot for tritium β decay. Dotted line: the linear Kurie function for
mνe = 0. Dashed line: Kurie function in Eq. (25) for mνe = 5 eV. Solid line: Kurie
function in Eq. (27) for two-neutrino mixing with m1 = 5 eV, m2 = 15 eV and ϑ = pi/4.
(a) A shift of the end-point of the spectrum from T = Q to T = Q − mlht, calling
νlht the lightest massive neutrino component of νe (if Ue3 = 0, νlht = ν1 in both
the normal and inverted schemes; otherwise, νlht = ν1 in the normal scheme and
νlht = ν3 in the inverted scheme).
(b) Kinks at the electron kinetic energies Tk = Q−mk, for νk 6= νlht, with corresponding
strength determined by the value of |Uek|2.
This behavior of the Kurie function is illustrated by the solid line in Fig. 4, which describes
the case of two-neutrino mixing (Ue3 = 0) with m1 = 5 eV, m2 = 15 eV and ϑ = pi/4
(|Ue1|2 = |Ue2|2 = 1/2).
If, in the future, effects of the neutrino masses will be discovered in tritium or other
β-decay experiments, a precise analysis of the data may reveal kinks of the Kurie function
due to mixing of the electron neutrino with more than one massive neutrino. In this case,
the data will have to be analyzed using Eq. (27).
However, so far tritium experiments did not find any effect of the neutrino masses
and their data have been analyzed in terms of the one-generation Kurie function in
Eq. (25), leading to the upper bound in Eq. (26). How this result can be interpreted in
the framework of three-neutrino mixing, in which Eq. (27) holds? The exact expression
of K(T ) in Eq. (27) cannot be reduced to the one-generation Kurie function in Eq. (25).
In order to achieve such a reduction in an approximate way, one must note that, if
an experiment does not find any effect of the neutrino masses, its resolution for the
measurement of Qβ−T is much larger than the values of the neutrino masses. Considering
mk ≪ Qβ − T , we have
K2 = (Q− T )2
∑
k
|Uek|2
√
1− m
2
k
(Q− T )2 ≃ (Q− T )
2
∑
k
|Uek|2
[
1− 1
2
m2k
(Q− T )2
]
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Figure 5: Effective neutrino mass mβ in tritium β-decay experiments as a function of the
lightest mass (m1 in the normal scheme andm3 in the inverted scheme; see Fig. 1). Middle
solid lines correspond to the best-fit values of the oscillation parameters. Extreme solid
lines enclose 2σ ranges. Dashed lines show the best-fit values and 2σ ranges of individual
masses. In the inverted scheme, the best-fit values and 2σ ranges of m1 and m2 are
practically the same and coincide with the best-fit value and 2σ range of mβ .
= (Q− T )2
[
1− 1
2
m2β
(Q− T )2
]
≃ (Q− T )2
√
1− m
2
β
(Q− T )2
= (Q− T )
√
(Q− T )2 −m2β , (28)
with mβ given by
m2β =
∑
k
|Uek|2m2k . (29)
The approximate expression of K(T ) in terms of mβ is the same as the expression in
Eq. (25) of the one-generation Kurie function in terms of mνe . Therefore, mβ can be
considered as the effective electron neutrino mass in β-decay. In the case of three-neutrino
mixing, the upper bound in Eq. (26) must be interpreted as a bound on mβ:
mβ < 2.3 eV [95%CL] . (30)
If the future experiments do not find any effect of neutrino masses, they will provide more
stringent bounds on the value of mβ.
In the standard parameterization of the mixing matrix, we have
m2β = c
2
12 c
2
13m
2
1 + s
2
12 c
2
13m
2
2 + s
2
13m
2
3 . (31)
Although neutrino oscillation experiments do not give information on the absolute values
of neutrino masses, they give information on the squared-mass differences ∆m221 and
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∆m231 and on the mixing angles ϑ12 and ϑ13 (see Eqs. (10), (11), (15), (16) and (17)). As
shown in Fig. 3, the values of the neutrino masses can be determined as functions of the
lightest mass (m1 in the normal scheme and m3 in the inverted scheme). Therefore, also
mβ can be considered as a function of the lightest mass, as shown in Fig. 5. The middle
solid lines correspond to the best fit and the extreme solid lines delimit the 2σ allowed
range. We have also shown with dashed lines the best-fit and 2σ ranges of the neutrino
masses (same as in Fig. 3), which help to understand their contribution to mβ .
From Fig. 5 one can see that, in the case of a normal mass hierarchy (normal scheme
with m1 ≪ m2 ≪ m3), the main contribution to mβ is due to m2 or m3 or both, because
the upper limit for mβ is larger than the upper limit for m2. In the case of an inverted
mass hierarchy (inverted scheme with m3 ≪ m1 . m2), mβ has practically the same
value as m1 and m2. In the case of a quasi-degenerate spectrum, mβ coincides with the
approximately equal value of the three neutrino masses in both the normal and inverted
schemes.
Figure 5 shows that the present experiments and the future KATRIN experiment [25],
with an expected sensitivity of about 0.2 eV, give information on the absolute values of
neutrino masses in the quasi-degenerate region in both the normal and inverted schemes.
From the Mainz upper bound in Eq. (26), for the individual neutrino masses we obtain
mk < 2.3 eV [95%CL] , (32)
with k = 1, 2, 3.
One can note from Fig. 5 that the allowed ranges of mβ in the normal and inverted
schemes in the case of a mass hierarchy are quite different and non overlapping: the lower
limit for mβ in the inverted scheme is about 4.7×10−2 eV, whereas the upper limit for mβ
in the normal scheme is about 1.1× 10−2 eV. If future experiments find an upper bound
for mβ which is smaller than about 4.7× 10−2 eV, the inverted scheme will be excluded,
leaving the normal scheme as the only possibility.
Figure 5 shows also that β-decay experiments will not have to improve indefinitely for
finding the effects of neutrino masses: the ultimate sensitivity is set at about 4×10−3 eV,
which is the lower bound for mβ in the case of a normal mass hierarchy. Of course, when
some β-decay experiment will reveal the effects of neutrino masses, a more complicated
analysis using the expression of K(T ) in Eq. (27) will be needed. In that case, it may be
possible to distinguish between the normal and inverted schemes even if both are allowed
(i.e. mβ & 4.7× 10−2 eV).
3.2 Cosmological Bounds on Neutrino Masses
If neutrinos have masses of the order of 1 eV, they constitute a so-called “hot dark
matter”, which suppresses the power spectrum of density fluctuations in the early universe
at “small” scales, of the order of 1–10 Mpc (see Ref. [26]). The suppression depends on
the sum of neutrino masses
∑
kmk.
Recent high precision measurements of density fluctuations in the Cosmic Microwave
Background (WMAP) and in the Large Scale Structure distribution of galaxies (2dF-
GRS, SDSS), combined with other cosmological data, led to stringent upper limits on∑
kmk, of the order of a fraction of eV [27,28,29,18]. The most crucial type of data are
the so-called Lyman-α forests, which are absorption lines in the spectra of high-redshift
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Figure 6: Sum of neutrino masses in the two schemes of three-neutrino mixing indicated
by neutrino oscillation data, as a function of the lightest mass (m1 in the normal scheme in
(a) and m3 in the inverted scheme in (b)). The three solid lines represent the best-fit and
2σ uncertainty band obtained from the squared-mass differences in Eqs. (10) and (11).
The two horizontal dotted lines represent the approximate cosmological upper bound
range in Eq. (33), and the two vertical dotted lines give the corresponding upper bound
range for the lightest mass. The dashed curves show the three individual masses.
quasars due to intergalactic hydrogen clouds with dimensions of the order of 1–10 Mpc.
Unfortunately, the interpretation of Lyman-α data may suffer from large systematic un-
certainties. Summarizing the different limits obtained in Refs. [27,28,29,18], we estimate
an approximate 2σ upper bound∑
k
mk . 0.2− 0.5 eV , (33)
with the extremes reached with or without Lyman-α data. These limits are shown in
Fig. 6, where we have plotted the value of
∑
kmk as a function of the unknown value
of the lightest mass, using the values of the squared-mass differences in Eqs. (10) and
(11). One can see that cosmological measurements are starting to explore the interesting
region in which the tree neutrinos are not quasi-degenerate. In the future, the inverted
scheme can be excluded by an upper bound of about 9× 10−2 eV on the sum of neutrino
masses.
3.3 Neutrinoless Double-Beta Decay
Neutrinoless double-β decay (2β0ν) is a very important process, because it is not only
sensitive to the absolute value of neutrino masses, but mainly because it is allowed only if
neutrinos are Majorana particles [30,31]. The observation of neutrinoless double-β decay
would represent a discovery of a new type of particles, Majorana particles. This would
be a fundamental improvement in our understanding of nature.
Neutrinoless double-β decays are processes of the type N (A,Z) → N (A,Z ± 2) +
e∓ + e∓, in which no neutrino is emitted, with a change of two units of the total lepton
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Figure 7: Absolute value |m2β| of the effective Majorana neutrino mass in 2β0ν decay
as a function of the lightest mass m1 in the normal scheme (a) and m3 in the inverted
scheme (b). The white areas in the strips need CP violation. The two horizontal dotted
lines correspond to the extremes of the upper bound range in Eq. (38). The two vertical
dotted lines show the corresponding upper bounds for m1 (a) and m3 (b).
number. These processes are forbidden in the Standard Model. The 2β0ν half-life of a
nucleus N is given by (see Refs. [32, 33, 34, 35])
[T 0ν1/2(N )]−1 = GN0ν |MN0ν |2
|m2β|2
m2e
, (34)
where GN0ν is the phase-space factor,MN0ν is the nuclear matrix element and
m2β =
3∑
k=1
U2ekmk (35)
is the effective Majorana mass. The phase space factor can be calculated with small
uncertainties (see, for example, Table 3.4 of Ref. [32] and Table 6 of Ref. [33]).
In spite of many experimental efforts, so far no experiment observed an unquestionable
signal4. The most stringent bound has been obtained in the Heidelberg-Moscow 76Ge
experiment [41]:
T 0ν1/2(
76Ge) > 1.9× 1025 y [90%CL] . (36)
The IGEX experiment [42] obtained the comparable limit T 0ν1/2(
76Ge) > 1.57×1025 y [90%
CL]. For the future, many new 2β0ν experiments are planned and under preparation (see
Refs. [35, 43]), since the quest for the Majorana nature of neutrinos is of fundamental
importance.
The extraction of the value of |m2β| from the data has unfortunately a large systematic
uncertainty, which is due to the large theoretical uncertainty in the evaluation of the
4 There is a claim of an observation of the 2β−0ν decay of
76Ge with T 0ν
1/2(
76Ge) = 1.19+1.00
−0.17 × 1025 y
[36, 37]. However, this measurement is rather controversial [38, 39, 40]. The issue can only be settled by
future experiments (see Ref. [35]).
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nuclear matrix elementM0ν (see Refs. [34,35]). In the following, we will use as a possible
range for the nuclear matrix element |M0ν | the interval which covers the results of reliable
calculations listed in Tab. 2 of Ref. [35]:
1.5 . |M76Ge0ν | . 4.6 , (37)
which corresponds to an uncertainty of a factor of 3 for the determination of |m2β | from
T 0ν1/2(
76Ge). Using the range (37), the upper bound (36) implies (G
76Ge
0ν = 6.31×10−15 y−1)
|m2β| . 0.3− 1.0 eV . (38)
Figure 7 shows the allowed range for |m2β| as a function of the unknown value of the
lightest mass, using the values of the oscillation parameters in Eqs. (10), (11), (15), (16)
and (17). One can see that, in the region where the lightest mass is very small, the allowed
ranges for |m2β | in the normal and inverted schemes are dramatically different. This is
due to the fact that in the normal scheme strong cancellations between the contributions
of m2 and m3 are possible, whereas in the inverted scheme the contributions of m1 and
m2 cannot cancel, because maximal mixing in the 1−2 sector is excluded by solar data
(ϑ12 < pi/4 at 5.8σ [44]). On the other hand, there is no difference between the normal
and inverted schemes in the quasi-degenerate region, which is probed by the present data.
From Fig. 7 one can see that, in the future, the normal and inverted schemes may be
distinguished by reaching a sensitivity of about 10−2 eV.
4 Conclusions
The results of neutrino oscillation experiments have shown that neutrinos are massive
particles, there is a hierarchy of squared mass differences and the mixing matrix is bilarge
i.e. with two large and one small mixing angles.
From the theoretical point of view, it is very likely that massive neutrinos are Ma-
jorana particles, with a small mass connected to new high-energy physics beyond the
Standard Model by a see-saw type relation. An intense experimental effort is under way
in the search for neutrinoless double-β decay, which is the most accessible signal of the
Majorana nature of massive neutrinos.
Since neutrino oscillations depend on the differences of the squared neutrino masses,
the absolute scale of neutrino masses is still not known, except for upper bounds ob-
tained in β decay and neutrinoless double-β decay experiments and through cosmological
observations.
The measurement of the effective electron neutrino mass in β decay experiments is
robust but very difficult. The future KATRIN experiment [25] will reach a sensitivity of
about 0.2 eV.
Cosmological observations have already pushed the upper limit for the sum of the
neutrino masses at a few tenths of eV, in the interesting region in which the tree neutri-
nos are not quasi-degenerate. Significant improvements are expected in the near future
(see Ref. [26]), with the caveat that cosmological information on fundamental physical
quantities depend on the assumption of a cosmological model and on the interpretation
of astrophysical observations.
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Let us finally mention that we have not considered the indication of ν¯µ → ν¯e tran-
sitions, found in the LSND experiment [45]. This signal is under investigation in the
MiniBooNE experiment at Fermilab [46]. This check is important, because a confirma-
tion of the LSND signal could require an extension of the three-neutrino mixing scheme
(see Refs. [2, 7]).
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